Abstract. We propose a 3-3-1 model with neutral fermions based on A4 flavor symmetry responsible for fermion masses and mixings with non-zero θ13. To get realistic neutrino mixing, we just add a new SU (3)L triplet (ρ) being in 3 under A4. The neutrinos get small masses from two SU (3)L antisextets and one SU (3)L triplet. The model can fit the most recent data on neutrino masses and mixing as well as the effective mass governing neutrinoless double beta decay. Our results show that the neutrino masses are naturally small and a little deviation from the tri-bimaximal neutrino mixing form can be realized. The Dirac CP violation phase δ is predicted to either , which is maximal CP violation. From the Dirac CP violation phase, the relations between Euler's angles is obtained.
Introduction
Despite the great success of the Standard Model (SM) of the elementary particle physics, the origin of flavor structure, masses and mixings between generations of matter particles are unknown yet. The neutrino mass and mixing is one of the most important evidence of beyond Standard Model physics. Many experiments show that neutrinos have tiny masses and their mixing is sill mysterious [1] . The tri-bimaximal form for explaining the lepton mixing scheme was first proposed by Harrison-Perkins-Scott (HPS) , which apart from the phase redefinitions, is given by [2] 
which can be considered as a good approximation for the recent neutrino experimental data. The most recent data in PDG2012 [3] imply sin 2 (2θ 12 ) = 0.857 ± 0.024, sin 2 (2θ 23 ) > 0.95, sin 2 (2θ 13 ) = 0.098 ± 0.013, 
Whereas, the best fit values of neutrino mass squared differences and the leptonic mixing angles in [4] have been given to be slightly modified from (2) , as shown in Tables  1 and 2 . These large neutrino mixing angles are completely different from the quark mixing ones defined by the Cabibbo-Kobayashi-Maskawa (CKM) matrix [5] . This has stimulated works on flavor symmetries and non-Abelian discrete symmetries, which are considered to be the most attractive candidate to formulate dynamical principles that can lead to the flavor mixing patterns for quarks and lep-tons. There are many recent models based on the nonAbelian discrete symmetries, such as A 4 [6] , A 5 [7] , S 3 [8] , S 4 [9] , D 4 [10] , D 5 [11] , T ′ [12] and so forth.
An alternative extension of the SM is the 3-3-1 models, in which the SM gauge group SU (2) L ⊗ U (1) Y is extended to SU (3) L ⊗ U (1) X , whose phenomenology has been studied in great detail from various particle physics standpoints [13, 14, 15] . The anomaly cancelation and the QCD asymptotic freedom in the models require that the number of families is equal to the number of quark colors, and one family of quarks has to transform under SU(3) L differently from the two others. In our previous works [16, 17, 18, 19, 20, 21] , the discrete symmetries have been explored to the 3-3-1 models. The simplest explanation is probably due to a S 3 flavor symmetry which is the smallest nonAbelian discrete group, has been explored in our previous work [18] . In [16, 17] we have studied the 3-3-1 model with neutral fermions based on A 4 and S 4 groups, in which the exact tri-bimaximal form is obtained, where θ 13 = 0. As we know, the recent considerations have implied θ 13 = 0 (see the first references in [6, 8, 9] ), but relatively small as given in (2) or Tables 1, 2 . This problem has been improved in [18] by adding a new triplet ρ and another antisextet s ′ , in which s ′ is regarded as a small perturbation. Therefore, the model contains up to eight Higgs multiplets, and the scalar potential of the model is quite complicated. In [19] we have studied the 3-3-1 model with neutral fermions based on D 4 group, in which the fermion fields are in singlets and doublets under D 4 . Our aim in this paper is to construct the 3-3-1 model combined with A 4 to adapt non-zero θ 13 . For this purpose a SU (3) triplet is added and the result follows without perturbation. We will work on a basis where 3 is a real representation.
There are two typical variants of the 3-3-1 models as far as lepton sectors are concerned. In the minimal version, three SU(3) L lepton triplets are (ν L , l L , l c R ), where l R are ordinary right-handed charged-leptons [13] . In the second version, the third components of lepton triplets are the right-handed neutrinos, (ν L , l L , ν c R ) [14] . To have a model with the realistic neutrino mixing matrix, we should consider another variant of the form (ν L , l L , N c R ) where N R are three new fermion singlets under SM symmetry with vanishing lepton-numbers [16, 17] .
The future content of this paper reads as follows. In Sec. 2 we present the necessary elements of the 3-3-1 model with A 4 flavor symmetry as in the above choice, and introduce necessary Higgs fields responsible for the chargedlepton masses as well as discuss on quark sector. Sec. 3 is devoted for the neutrino mass and mixing. We summarize our results and make conclusions in the section 4. Appendix A presents a brief of the A 4 theory. Appendix B provides the lepton number (L) and lepton parity (P l ) of particles in the model. Appendices from C to F give the detailed solutions corresponding to maximal CP violation in the normal and inverted spectrum.
Fermion content
The gauge symmetry is based on SU(3) C ⊗ SU(3) L ⊗ U(1) X , where the electroweak factor SU(3) L ⊗ U(1) X is extended from those of the SM where the strong interaction sector is retained. Each lepton family includes a new electrically-and leptonically-neutral fermion (N R ) and is arranged under the SU(3) L symmetry as a triplet (ν L , l L , N c R ) and a singlet l R . The residual electric charge operator Q is related to the generators of the gauge symmetry by
where T a (a = 1, 2, ..., 8) are SU(3) L charges with TrT a T b = 1 2 δ ab and X is the U(1) X charge. The model under consideration does not contain exotic electric charges in the fundamental fermion, scalar and adjoint gauge boson representations.
Since the particles in the lepton triplet have different lepton number (1 and 0), so the lepton number in the model does not commute with the gauge symmetry unlike the SM. Therefore, it is better to work with a new conserved charge L [22] commuting with the gauge symmetry and related to the ordinary lepton number by diagonal matrices [16, 17] 
The lepton charge arranged in this way (i.e. L(N R ) = 0 as assumed) is in order to prevent unwanted interactions due to U(1) L symmetry and breaking (due to the lepton parity as shown below) to obtain the consistent lepton and quark spectra. By this embedding, exotic quarks U, D as well as new non-Hermitian gauge bosons X 0 , Y ± possess lepton charges as of the ordinary leptons:
In the model under consideration, the fermion contents is same as in [16] . However, this work is distinguished by
symmetries, the fermions of the model transform as follows [16] 
where the subscript numbers on field indicate to respective families which also define components of their A 4 multiplets. U and D 1,2 are exotic quarks carrying lepton numbers L(U ) = −1 and L(D 1,2 ) = 1, known as leptoquarks.
In what follows, we consider possibilities of generating the masses for the fermions. The scalar multiplets needed for the purpose are also introduced. Because the fermion content of the model is the same as that in [16] under all symmetries, so the charged-lepton mass is also similar to the one in [16] . Indeed, to generate masses for the charged leptons, we need only one scalar multiplet:
with VEVs φ = (0, v, 0)
T . The Yukawa terms are
We suppose that in charged-lepton sector, A 4 is broken down to Z 3 consisting of the elements {e, T, T 2 }. This is achieved with the VEV alignment φ = ( φ 1 , φ 1 , φ 1 ) where φ 1 = (0, v, 0)
T . The mass Lagrangian for the charged leptons reads
where
The mass matrix (5) is then diagonalized
To conclude this section, we remind that the situation here is the same as in the previous version presented in [16] . The difference is just in the neutrino sector, which is studied in the next section.
Neutrino mass and mixing
The neutrino masses arise from the couplings ofψ
For the known scalar triplets, there is no interactions invariant under all subgroups of G. We will therefore propose new SU(3) L antisextets, lying in either 1, 1 , 2, 3) . (8) From the potential minimization conditions follow the alignments:
(1) The first alignment: To obtain a realistic neutrino spectrum, we should assume that the breaking A 4 → Z 2 must be taken place. This can be achieved within each case below. (8), with the VEVs chosen by s = ( s 1 , 0, 0) under A 4 , where
-Another SU(3) L triplet ρ which is also put in the 3 under A 4 :
with the VEV chosen by
In this work, we additionally introduce a new SU (3) L triplet ρ lying in 3 under A 4 to obtain non-zero θ 13 , which is different from that in [16, 17] .
The Yukawa interactions are
The mass Lagrangian for the neutrinos reads
The neutrino mass Lagrangian can be written in matrix form as follows
and the mass matrices are then obtained by
with
Three observed neutrinos gain masses via a combination of type I and type II seesaw mechanisms derived from (13) and (14) as
We can diagonalize the mass matrix (16) as follows
and the corresponding neutrino mixing matrix:
Combining (7) and (19), we get the lepton mixing matrix:
It is worth noting that in our model, K given in (20) is an arbitrary number. Hence, in general, the lepton mixing matrix given in (21) is different from U HP S in (1), but similar to the original version of trimaximal mixing considered in [23] , which is based on the ∆(27) group extension of the SM. Although some phenomenological predictions of the model are similar to those of in [23] but the fundamental difference between our model and the well known one is the prediction of CP violation (our model predicts maximal CP violation δ = π/2, 3π/2 with θ 23 = π/4, but in [23] , the maximal CP violation δ = π/2, 3π/2 is achieved with θ 23 = π/4) (for details, see also [24] ). In the case where A 4 is broken into Z 2 only by s, i.e., without contribution of ρ (or v ρ = 0), the lepton mixing matrix (21) being equal to U HP S as given in (1) .
In the standard Particle Data Group (PDG) parametrization, the lepton mixing matrix (U P MN S ) can be parametrized as 
where P = diag(1, e iα , e iβ ), and c ij = cos θ ij , s ij = sin θ ij with θ 12 , θ 23 and θ 13 being the solar, atmospheric and reactor angles, respectively. δ = [0, π] is the Dirac CP violation phase while α and β are two Majorana CP violation phases.
From Eqs. (21) and (22) we rule out α = 0, β = π 2 , and the lepton mixing matrix in (21) can be parameterized in three Euler's angles θ ij as follows:
Substituting
2 into (25) yields:
The expression (26) tells us that k (23) and (24) yields:
Since cos δ = 0 so that sin δ must be equal to ±1, it is then δ = π 2 or δ = 3π 2 . Thus, our model predicts the maximal Dirac CP violating phase, which is the same as in [23, 25] , where the maximal CP violation δ = Up to now the precise evaluation of θ 23 poses big challenge while θ 12 and θ 13 are now very constrained [3] . From (27) , the model under consideration can provide constraints on θ 23 from θ 12 and θ 13 satisfying data in [3] as follows.
(i) In the case δ = π 2 , from (27) 
In Fig. 1 
The lepton mixing matrix in (21) This result also implies that in the model under consideration, the value of the Jarlskog invariant J CP which determines the magnitude of CP violation in neutrino oscillations [26] : The lepton mixing matrix in (21) 
and the value of the Jarlskog invariant J CP is given by
Until now, values of neutrino masses (or the absolute neutrino masses) as well as the mass ordering of neutrinos are an open problem. The tritium experiment [27, 28] provides an upper bound on the absolute value of neutrino mass m i ≤ 2.2 eV A more stringent bound was found from the analysis of the latest cosmological data [29] m i ≤ 0.6 eV,
while arguments from the growth of large-scale structure in the early Universe yield the upper bound [30] 
The neutrino mass spectrum can be the normal mass hierarchy (|m 1 | ≃ |m 2 | < |m 3 |), the inverted hierarchy (|m 3 | < |m 1 | ≃ |m 2 |) or nearly degenerate (|m 1 | ≃ |m 2 | ≃ |m 3 |). The mass ordering of neutrino depends on the sign of ∆m 2 23 which is currently unknown. In the case of 3-neutrino mixing, in the model under consideration, the two possible signs of ∆m 2 23 corresponding to two types of neutrino mass spectra can be provided. Combining (18) and the two experimental constraints on squared mass differences of neutrinos as shown in (2) and the values of K in (29) or in (33), we have the solutions as listed bellow. In this case, combining (20) and the values of K in (29), we obtain
Normal case (∆m
Substituting B 1 from (38) into (18) and combining with the two experimental constraints on squared mass differences of neutrinos as shown in (2), we get the solutions (in [eV]) given in Appendix C. The solutions, in each case from (55) to (58), have the same absolute values of m 1,2,3 , the unique difference is the sign of m 1,3 . So, here we only consider in detail the case of (55). On the other hand, the expressions from (55) to (58) From the Eqs. (21), (33) and (55), it is easily to obtain the effective mass m ee governing neutrinoless dou- ble beta decay [31] ,
with Γ − given in (59). We also note that in the normal spectrum, |m 1 | ≈ |m 2 | < |m 3 |, so m 1 given in (55) is the lightest neutrino mass. Hence, it is denoted as m 1 ≡ m light . In Fig. 6 we have plotted the value |m ee |, |m β | and |m light | as functions of m 2 with m 2 ∈ (0.00875, 0.05) eV.
By assuming A ≡ m 2 = 10 −2 eV, which is safely small, then the other neutrino masses are explicitly given as m 1 = −4.879 × 10 −3 eV, m 3 = −5.073 × 10 −2 eV, 1 = 6.56×10 −2 eV and |m ee | ≃ 1.253×10 −3 eV, |m β | ≃ 1.056× 10 −2 eV. This solution means a normal neutrino mass spectrum as mentioned above and consistent with the recent experimental data [3, 4] . It follows that
C = 0.0245768 + 3.55282 × 10 −9 i ≃ 0.0245768 eV. Furthermore, by assuming that
we obtain
Combining (42) and (44) yields:
The case δ = 3π 2
Similar to the previous case, combining (20) and the values of K in (33) yields
Substituting B 1 from (45) into (18) and combining with the two experimental constraints on squared mass differences of neutrinos shown in Table 1 , we obtain four solutions ( with m2 ∈ (−0.05, −0.00873) eV.
Inverted case (∆m
In similarity to the normal case, combining (20) and the values of K in (29) and (33) we obtain four solutions as given in appendices E and F. Note that in this case each K in (29) or in (33) we obtain only two solutions [in the normal case, each K in (29) or in (33) we obtain four solutions as given in equations from (55) to (63)]. The solution in Eqs. (66), (67), (69) and (70) have the same absolute values of m 1,2,3 , the unique difference is the sign of them. Hence, in the inverted spectrum scenario, we only consider in detail the solution in Eq. (66). The absolute value |m 1,3 | as functions of m 2 with m 2 ∈ (0.045, 0.065) eV is plotted in Fig. 8 . This figure shows that there exist allowed regions for value of m 2 (or A) where either inverted or quasi-degenerate neutrino mass hierarchy are achieved. The quasi-degenerate mass hierarchy is obtained when A lies in regions |A| ∈ (0, 0.04) eV or (0.7 eV, +∞) [|A| increases but must be small enough because of the scale of m 1,2,3 ]. The inverted mass hierarchy will be obtained if |A| takes the values around (0.045, 0.065) eV as shown in Fig. 8 . Fig. 9 gives the sum = with m 2 ∈ (0.045, 0.065) eV. Fig. 9 .
as a function of m2 in the case of ∆m The effective mass m ee , m β are given by
where γ − is given in (68). In the inverted hierarchy, |m 3 | < |m 1 | ≃ |m 2 |, m 3 ≡ m light given in (66) is the lightest neutrino. |m ee |, |m β | and |m light | as functions of m 2 with m 2 ∈ (0.045, 0.065) eV are plotted in Fig. 10 .
As in the normal case, to get explicit values of the model parameters, we assume m 2 = 5 × 10 −2 eV, which is safely small. Then the other neutrino masses are explicitly given as m 1 ≃ 4.923 × 10 −2 eV and m 3 ≃ 2.49 × 10 −3 eV. It follows that 1 = 0.101722 eV, and
Furthermore, by assuming
we obtain Combining (48) and (50) 
In the quark sector, as before, to generate masses for quarks, the triplets η and χ are needed (for details, the reader is referred to Ref. [16] ). It is worth mentioning that the extra introduced triplet ρ does not give new Yukawa terms, so results remain the same.
Conclusions
In this paper, we have proposed a 3-3-1 model with neutral fermions based on A 4 flavor symmetry responsible for fermion masses and mixings with non-zero θ 13 . For this purpose, we additionally introduce a new SU (3) L triplet (ρ) lying in 3 under A 4 . The neutrinos get small masses from two SU (3) L antisextets and one SU (3) L triplet. The model can fit the most recent data on neutrino masses and mixing as well as the effective mass governing neutrinoless double beta decay. Our results show that the neutrino masses are naturally small and a little deviation from the tri-bimaximal neutrino mixing form can be realized. The Dirac CP violation phase δ is predicted to either A A 4 group and Clebsch-Gordan coefficients A 4 is the group of even permutation of four objects, which is also the symmetry group of a regular tetrahedron. It has 12 elements and four equivalence classes with three inequivalent one-dimensional representations and one threedimensional one. Any element of A 4 can be formed by multiplication of the generators S and T obeying the relations 6, 16] . Without loss of generality, we could choose S = (12)(34), T = (234) where the cycles (12)(34) denotes the permutation (1, 2, 3, 4) → (2, 1, 4, 3) , and (234) means (1, 2, 3, 4) → (1, 3, 4, 2) . The conjugacy classes of A 4 generated from S and T are
The character table of A 4 is given in Table 3 , where n is the order of class and h the order of elements within each class.
We will work on a basis where 3 is a real representation. One possible choice of generators is given as follows
where ω = e 2πi/3 = −1/2+i √ 3/2 is the cube root of unity. Using them we calculate the Clebsch-Gordan coefficients for all the tensor products as given below.
First, let us put 3 (1, 2, 3) which means some 3 multiplet such as x = (x 1 , x 2 , x 3 ) ∼ 3 or y = (y 1 , y 2 , y 3 ) ∼ 3 and so on, and similarly for the other representations. Moreover, the numbered multiplets such as (..., ij, ...) mean (..., x i y j , ...) where x i and y j are the multiplet components of different representations x and y, respectively. In the following the components of representations in l.h.s will be omitted and should be understood, but they always exist in order in the components of decompositions in r.h.s:
1 ⊗ 3 = 3 (11, 12, 13) , 1 ′ ⊗ 3 = 3(11, ω12, ω 2 13), In the text we usually use the following notations, for example, (xy
) which is the Clebsch-Gordan coefficients of 3 a in the decomposition of 3 ⊗ 3 ′ , where as mentioned x = (x 1 , x 2 , x 3 ) ∼ 3 and y ′ = (y
The rules to conjugate the representations 1, 1 ′ , 2, 3, and 3
′ are given by
B The numbers
The lepton number (L) and lepton parity (P l ) of the model particles are given in Tab. 4.
C The solutions with
in the normal case -The first case:
-The second case:
-The third case:
-The fourth case: 
